Introduction {#Sec1}
============

How micro-organisms move in their surrounding fluid environment is of significant biological and clinical importance. Examples include the locomotion of E.coli in intestinal fluid \[[@CR1]\], and the swimming of mammalian spermatozoa within cervical mucus in the process of reproduction \[[@CR2]\]. Such problems involve the dynamical interactions between elastic boundaries and a complex fluid medium, which often exhibits complicated Non-Newtonian responses. Recent theoretical, experimental and computational investigations are characterized by the complexity of different ways in which biological locomotion may depend on fluid properties. Analysis of the infinite undulatory sheet with small amplitude found that fluid elasticity always reduces the swimming speed \[[@CR3]\]. Further analytical work indicated that swimming can be boosted by elasticity under specified gaits \[[@CR4]\]. Numerical simulations of finite swimmers with large amplitude of motion showed that swimming speed may be enhanced by elasticity \[[@CR5]\]. Experimentally, the self-propulsion of C. elegans was observed to be hindered significantly in viscoelastic fluid \[[@CR6]\]. However, the artificial swimmers in \[[@CR7]\] exhibited systematic elastic speed-ups. In \[[@CR8]\] and \[[@CR9]\], it was shown that favorable stroke asymmetry, swimmer body dynamics and fluid elasticity may work together to cause increases in speed.

In most of the analytical and numerical works to date, the fluid environment is treated as a single continuous medium. No-slip boundary condition is assumed on the swimmer's surface so that the fluid medium always moves together with the swimmer. Such models and assumptions may not be appropriate for many applications. First, biological fluids such as mucus are mixtures of a solvent and a polymer network. There may be significant relative motions between different components within the mixture so that it can not be adequately described by a single phase continuum medium \[[@CR10]\]. Furthermore, it has been long known that slip may occur for polymer solutions near a solid boundary. This can be caused by the phase separation over the solvent-rich boundary region where the polymer phase is driven away \[[@CR11]\]. Recent studies highlight the importance of boundary conditions and fluid models in locomotion problems. The analysis in \[[@CR12]\] examined swimming in a medium consisting of a mixture of a Newtonian fluid and an elastic solid. Both elastic speed-up and slow-down can be obtained, depending on the type of boundary conditions imposed. In \[[@CR13]\], it was shown analytically that the introduction of apparent slip or the reduction of fluid viscosity near the swimmer in Newtonian fluids may lead to faster swimming. In \[[@CR14]\] and \[[@CR15]\], different variations of the Immersed Boundary Method were proposed to simulate interactions between elastic boundaries and a two-phase medium. Despite these advances, a comprehensive analysis for the role of slip on swimmers in viscoelastic media is lacking.

In this paper, we present the first computational investigation of the role of slip for Taylor's classical swimming sheet in a single phase viscoelastic fluid, as well as in a mixture of a viscous fluid and a viscoelastic fluid. Our computational method is based on extensions of the classical Immersed Boundary Method \[[@CR16]\] so that elastic boundaries are allowed to slip through the surrounding fluid media. In Sect. [2](#Sec2){ref-type="sec"} and [3](#Sec6){ref-type="sec"}, the model equations and numerical methods are presented first, followed by simulation results which highlight the influence of slip on locomotion in complex fluids. The concluding remarks are given in Sect. [4](#Sec9){ref-type="sec"}.

Swimming in a Single Phase Viscous/Viscoelastic Fluid {#Sec2}
=====================================================

Model Equations {#Sec3}
---------------

Consider an infinite 2D sheet immersed in a incompressible, viscoelastic Oldroyd-B fluid. In its own frame, the movement of the sheet is described by $\documentclass[12pt]{minimal}
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                \begin{document}$$\varXi $$\end{document}$ is the slip coefficient. Condition ([4](#Equ4){ref-type=""}) states that the fluid and the sheet move together in the direction normal to the sheet surface. According to ([5](#Equ5){ref-type=""}), the fluid is allowed to slip relative to the sheet in its tangential direction. The extent of slip is proportional to the local shear stress, as well as the slip constant $\documentclass[12pt]{minimal}
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                \begin{document}$$\varXi $$\end{document}$. This is the well known Navier Slip Condition \[[@CR17]\]. Note that the boundary conditions ([4](#Equ4){ref-type=""}) and ([5](#Equ5){ref-type=""}) apply to both the upper and lower surfaces of the sheet. Since Taylor's classical work \[[@CR18]\], there have been many analytical and computational studies on different versions of the swimming sheet problem. See \[[@CR19]\] for a complete review.

IB Method with Partial Slip Condition {#Sec4}
-------------------------------------

The "classical" Immersed Boundary (IB) Method \[[@CR16]\] is a powerful computational method capable of handling dynamic fluid-structure interactions. An Eulerian description is used for the fluid variables such as velocity and pressure, while a Lagrangian coordinate is used for each immersed elastic object. The simplicity and robustness of the IB method have led to its successful applications to many biological problems. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{S}$$\end{document}$ represents the force spreading operator. ([8](#Equ8){ref-type=""}) is based on the assumption that the immersed object moves with local fluid velocity (no-slip condition). $\documentclass[12pt]{minimal}
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IB method described above needs to be modified to handle slip conditions such as ([5](#Equ5){ref-type=""}). This involves the evaluation of the interfacial fluid stresses on the irregular boundary, which can be computationally challenging \[[@CR20]\]. On a Stokes swimmer, the elastic force $\documentclass[12pt]{minimal}
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Discretization and Numerical Solutions {#Sec5}
--------------------------------------

All fluid variables are discretized using a Cartesian grid, with constant grid space $\documentclass[12pt]{minimal}
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Each IB point is connected by linear springs to its two neighboring points. It is also connected by a stiff spring to a corresponding "tether" point whose role is to impose the desired motion of the sheet. The unit tangent vector $\documentclass[12pt]{minimal}
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Swimming in Viscoelastic Two-Fluid Mixture {#Sec6}
==========================================

Model Equations and Two-Phase IB Method {#Sec7}
---------------------------------------

In this section, we study the swimming sheet problem in a two-fluid mixture, which is modeled as a mixture of a viscous solvent phase (denote by $\documentclass[12pt]{minimal}
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Numerical Solutions {#Sec8}
-------------------

To solve the model equations presented in the previous section, we use the same space-time discretization as described in Sect. [2.3](#Sec5){ref-type="sec"}. The time iteration scheme is given by: From the boundary configurations $\documentclass[12pt]{minimal}
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Conclusion {#Sec9}
==========

We simulate the infinite swimming sheet problem in complex fluids under slip boundary conditions with extensions of the classical IB method. For swimmers in a viscoelastic fluid, interpolated fluid velocities are modified using tangential components of the Lagrange force to account for the partial slip condition. This can be thought as the single-phase version of the force calculation strategy proposed in \[[@CR15]\]. In a viscoelastic two-fluid mixture, a dual IB representation of the immersed structure is used where the free-slip condition is enforced through a penalty method. Instead of the projection-based fractional step methods as used in \[[@CR15]\], we solve the momentum equations and the incompressibility constraint simultaneously. This makes it more straightforward to enforce the velocity boundary conditions. Furthermore, our method can be directly applied to problems where fluid volume fractions are spatially variable. For such problems, methods for Stokes equations that decouple the velocity and the pressure, such as the pressure-Poisson formulation, can not be used. Our numerical results show that: (1) Slip may lead to substantial speed enhancement for the swimmer in a viscoelastic fluid or two-fluid mixture relative to the swimmer in a no-slip viscous fluid. (2) For a viscoelastic fluid with fixed viscosity and relaxation time, the swimming speed increases linearly with the slip coefficient. With fixed viscosity and slip coefficient, the swimming speed decreases with the increase of relaxation time (fluid elasticity). (3) While polymer viscosity always hinders swimming for a no-slip viscoelastic fluid, it can benefit the swimmer in a viscoelastic fluid if the slip coefficient is large enough. (4) In a two-fluid mixture where the swimmer is allowed to slip freely through the viscoelastic network, speed enhancement can be obtained by reducing the drag coefficient, increasing the polymer viscosity, and increasing the network volume fraction.
